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Philosophy of Math - On Frege’s Claim that Numbers are Self-Subsistent Objects 
 
This paper will accomplish four things.  It will reconstruct Frege’s argument for the claim 
that numbers are self subsistent objects, distinguishing between objects and concepts.  In 
so doing, it will explain why he rejects number as subjective and as a concept.  Along the 
way, the criteria Frege thinks are necessary for using an expression to stand for an object 
will be clarified.  It will conclude with an evaluation of his argument, raising the concern 
that if numbers are construed as self-subsistent objects, then Frege is committed to the 
notion that colors can be as well.  

First we should explain Frege’s ontology. Frege’s most broad distinction is between  
subjective ideas and objective ideas. Subjective ideas are like mental representations and 
there is no matter of fact about them. My idea of a cold day and your idea of a cold day may 
be appreciably different, but one is no more true than the other. Objective ideas divide into  
concepts and objects. An initial distinction: with concepts we can ask, “what falls under it?”, 
whereas with objects this question is meaningless. In this way, concept to object is like set 
to element. All particular horses fall under the concept “horse”, but a particular horse could 
not fall under another particular horse – that is nonsensical (64). From this we can see that 
objects are particular things. As such, they are identified by definite articles or proper 
names (64). Concepts, then, are identified by a plural without an article or by an indefinite 
article (64). Concepts are not subjective because once a concept has been defined, things 
about it are objectively determined. Objects admit of a further distinction, viz. actual and 
non–actual. Actual objects are restricted to that which can act on your senses. So the paper 
in front of you is an actual object; you can touch it. A non–actual object is something like the 
equator. It is not actually there like the paper is. You cannot bump into the equator. But 
there is nothing subjective about the equator, either, for whether or not you cross it is an 
objective matter of fact. 

It is useful to distinguish among properties (Lec 17). Second order properties 
belong to concepts. E.g. the concept of body has the property that at least one thing falls 
under it. First order properties are properties or concepts that belong to objects. E.g. the 
ball has the property of being red. 

Frege will argue for his view by showing that number is not subjective, like an idea, 
and also cannot be a concept. The only candidate left will be object. He will go on to show 
why numbers satisfy the criteria for being an object, and defend against some objections 
against this construal. 

For Frege, number cannot be subjective or something purely psychological. On the  
psychological view, numbers are subjective because it appears as though the number which  
applies to a thing varies with how the thing is considered, rather than with any change to 
the physical phenomena (34). Consider some boots. There are two boots. Alternatively, 
there is one pair of boots. Different numbers can be attributed to the same physical 
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phenomenon with equal truth – and this makes number look like something psychological 
or subjective, rather than physical. But this is a mistake. Frege takes the North Sea as an 
example. Facts about the North Sea are objective, like the assertion “The North Sea is 
10,000 square miles in extent”. Should we later consider the North Sea differently, or 
10,000 differently, so that they mean something else, the truth of the aforementioned 
assertion is not affected (34). The North Sea is still the same determinate size. And likewise 
with the boots. There is an objective number of boots regardless of how we consider it, only 
the terms changed. The subjectivity lies in how the object is considered, not in what the 
number is. So number cannot be subjective. 
 

Having dismissed the view that a statement of number is subjective, Frege asserts in 
ʃ46 that the content of a statement of number is an assertion about a concept. Frege asks 
us to consider the following sort of example. Consider one army. We can say with equal 
truth that it is four companies (59) and that it is 500 men. In each statement the same 
object is under consideration, and each statement is equally true. The only things which 
differ in the statements is the number and the terminology. That the terminology differs 
should be taken to mean that concept under consideration differs (59). So with a difference 
in the concept comes a difference in the number assigned. This suggests that number is not 
something assigned to the object. For if it were, then the number assigned to the army, the 
company, and the group of men would be the same. And so this rather suggests that the 
number is something that is assigned to, or applies to, the concept.  

But while this clarifies what a statement of number is, this does not decide whether  
number is a concept (the adjectival strategy) or an object (the substantival strategy). That 
is, whether four is attributed to “moon of Venus”, or whether the number four is being 
identified with “moon of Venus”. Frege rejects the former and accepts the latter. 

In ʃ55, Frege proposes some adjectival definitions of number. His adjectival 
definition of 0 is: “the number 0 belongs to a concept, if the proposition that a does not fall 
under that concept is true universally, whatever a may be.” This definition is adjectival in 
that they turn the number into a predicate, and show that number operates primarily as an 
adjective.  

Frege rejects these adjectival definitions of number. His first reason is that we 
cannot determine the sense of the expression “the number n belongs to the concept G” (68). 
This gives rise to the Julius Caesar problem: these definitions do not allow us to determine 
whether Julius Caesar is a number or not. That is because these definitions do not actually 
define what n is, rather they just define the complex sentence: “the number n belongs to…”. 
But to fix the sense of this phrase is not to fix the sense of n (68) – and that is what we are 
seeking to do in providing a definition of number. Furthermore, because we only fix the 
sense of the aforementioned phrase, we have not fixed the sense of the elements of the 
phrase namely n. As such, suppose  
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that “the number a belongs to a concept F and the number b [also belongs to F]”. There is 
no way to determine that a = b, for we have not determined what a is or b is, so we cannot 
draw the identity (68). We can only draw an identity between the two corresponding 
phrases. Thus, on the adjectival strategy we cannot establish numerical identity. Or the 
identity of a number at all – hence why we cannot determine whether Julius Caesar is a 
number or not. Because the adjectival definition fails, number cannot be a concept. 

This is why Frege pursues the substantival strategy, for objects are the only 
remaining candidate in Frege’s ontology, and we can make identity statements between 
numbers, contrary to the adjectival strategy, as will be shown. But what are Frege’s 
necessary criteria for an expression to stand for an object? (1) The expression must use a 
definite article or proper name in signifying the thing in question. This is because we think 
of an object as being a completely determinate thing – in searching through the universe 
you will not find that horse more than once. (2) We must have some way of determining 
the identity of an object (73). For example, there is some criterion to determine if 
Superman is Clark Kent. (3) We should be able to determine what kind of thing an object is, 
and be able to distinguish it from the class of things that it is not (68). Numbers have all 
these traits, as will be shown. 

To see how we can make identity judgments with numbers, Frege clarifies what it 
means for a statement of number to be an assertion about a concept. When we say “the 
number n belongs to the concept F”, it important to understand that n is an element of the 
predicate, “the number n belongs to”, and is not the predicate itself. Predicates are 
properties, and because n is not a predicate it is not a property of a concept. Because it is 
just an element, we can isolate “the number n” from the rest of the predicate and see it as 
noun and its own self–subsistent object (68), for we can now judge identities. We 
ordinarily use number words in attribute constructions in an adjectival way, like “Jupiter 
has four moons”, or “I have two dogs” (69). But now that we can see the number is just an 
element of the predicate, we can reconstruct the sense of these sentences: “the number of 
Jupiter’s moons is four”, “the number of my dogs is two”. And the “is” here is an “is” of 
identity. It is tantamount to saying that “the number of Jupiter’s moons is the number four” 
(69). This is to say that the number of Jupiter’s moons and the number four signify the 
same object (69). You might think that the word “two” says nothing about my dogs  
and so no true identity has been drawn, but consider that Neil Armstrong is the first man 
on the moon, and that “the first man on the moon” says nothing in particular about Neil 
Armstrong (69). We can see that the identity still holds despite one side of the “is” saying 
nothing about the other. In seeing number as an element of the predicate, we can see the 
way it allows for identity judgments. 

Why should we respect these relatively unintuitive substantival reconstructions of  
sentences? Numbers must be usable for the purposes of science (69). This means that we 
must have a conception of number that accommodates arithmetic judgments like 1+1=2. If 
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1 were a predicate, it would need to be predicated of something in these judgments to 
make sense. Such judgments would have to look like, for example, 1 moon + 1 moon = 2 
moons. But this is not what we take ourselves to be doing in arithmetic judgments, and so it 
is not usable for arithmetic. Indeed, it is difficult to make sense of arithmetic judgments 
without considering numbers as self–subsistent objects, which themselves can be added 
together qua themselves. Otherwise, it is unclear what the object of predication is in 
arithmetic, and number doesn’t seem to be its domain. Only if numbers are self–subsistent 
objects can we make sense of science of arithmetic, and so this should have priority over 
how it is used in ordinary language (69). 

Nevertheless, there remain reasons to suppose that numbers cannot be objects. 
Here are the most compelling reasons. (1) We cannot form an idea of number, so how could 
it possibly be an object? (2) If number is an object, where is it located? 

Numbers can be self–subsistent objects despite the fact that we cannot form ideas 
(mental representation) of them. The reason we cannot form an idea of number is not 
because it is not self–subsistent, but because it is not a sensible thing or a property of any 
external thing (70). When we associate words with ideas, the mental representation 
doesn’t necessarily correspond to the content of a word. Instead, what tends to happen is 
that the mental representation is of some situation where the word is called for (70). This 
explains why when you think of green grass you might imagine a grassy field, and why 
when you think of 0 nothing of the actual content shows up but you might imagine a night 
without stars, or a cloudy day where no stars can be seen – nothing of the actual content, 
but merely a situation where the word is called for. 

Further, one does not need to have be able to imagine a thing for it to be an (self– 
subsistent) object of investigation. Frege argues (1) that the scope of everything thinkable  
(numbers, e.g.) exceeds the scope of what is imaginable (what we can have an idea of), and 
(2)that though we seem to think using ideas, the connection between our thought and our 
ideas is arbitrary and a matter of convention (71). To see this, consider your idea of the 
Earth. It is likely a sphere of some size, with some certain shapes and features on it (71). 
But it is not as though this idea of yours precisely corresponds to the actual Earth, either in 
terms of relative size, or the relations of the continents, or the range of cloud cover, etc. So 
your idea is different from the actual thing. And yet we nevertheless succeed in making 
judgments about the Earth with certainty. For instance, the Earth’s distance from the sun, 
or the distance from San Francisco to Timbuktu. So we can think about objects when our 
corresponding idea does not adequately represent the thought and reason successfully, 
showing that thought exceeds imagination. And even though we may have an idea 
attending to all our thoughts, there is no need for it to adequately correspond to the 
thought, so one mental picture is as good as another, showing that the connection between 
thought and idea is arbitrary. So it is no problem that we cannot form an idea of number, as 



 
Light 5 

numbers as objects are still thinkable without ideas, and because there is no actual need for 
an idea to correspond to an object. Thus numbers can still be objects. 

Points (1) and (2) of Frege’s Earth example are important for understanding how 
numbers can still be grasped as objects. But still, we should recognize the following 
objection. That even though the object, Earth, has only an arbitrary connection to our 
imagination, it is still an external thing that occupies a specific place in space and time (72). 
But numbers do not. You cannot give the spatial coordinates of the object four (72). We 
cannot locate four either in our brains, or out in space. And so number cannot be an object. 

Frege argues that this objection only succeeds in showing that number cannot be a  
spatially located object, not that it cannot be an object at all. For not every object is spatially  
located. Ideas, for instance, are not spatially located; it is not as though this idea lies to the 
right of that idea, nor are ideas located in our brains – only brain matter is (72). Ideas are 
only “in” us insofar as they are subjective – that my idea is different from your idea; that my 
idea is determined by me (72). So what is subjective has no position in space, but this is not 
yet to say that for the objective – and surely four is an objective object, for there is no 
subjectivity over “how many” four is. How is something objective not “out there” so to 
speak? But that four is objective is just to say that as, a matter of fact, four is the same for 
everyone. That four is the same or different for people has no bearing on whether it is 
spatial or not. For if that were the case then if all the world had the same idea of x, that idea 
of x should become spatially located – but there is no reason to think this should be the 
case. And so we can see that the objectivity or the subjectivity of an object has no bearing 
on whether that object is spatially located or not. For a non–numerical example, recall what 
we said about the equator. It is an objective object – my equator could never differ from 
your equator – and yet it is non–spatial, it cannot be bumped into. And this is equally true 
of number. 

We might wonder whether this view of number commits Frege to the view that 
color is,too, an object. If it does, then his argument for numbers as objects does not seem 
successful, it would show that objects can be properties of other objects, and so number 
can be a property. For Frege, colors are concepts and are properties of objects. To say “the 
ball is red” is not to draw an identity, for it is an is of predication amounting to “Red(the 
ball)”. But consider the statement, “the color of the ball is red”. This appears to be an is of 
identity, amounting to “Color(the ball) = red”. Further, it does not seem to be the case that 
we are saying the color of the ball is a red, but rather just red or the red. This indicates that 
it is in this case considered to be an object. Indeed, it satisfies all the object criteria, namely 
we can make identity judgments and we use the definite article. So it seems as though color 
is an object. 

But Frege also thinks that color is a property of an object which applies to the 
surfaces of objects independently of any choice of ours (29). Therefore, on his account 
objects can be properties of other objects. This entails that number could be a property, a 



 
Light 6 

possibility that Frege firmly rejects in his dismissal of the adjectival strategy and his 
endorsement of the substantival strategy. But suppose that objects can be properties. In 
what way does this prevent Frege from showing that numbers are self–subsistent objects? 

If objects are to be properties, then they must be non–actual objects. It does not 
make sense for an actual object to be a property of another actual object – it is nonsensical 
for a horse to be a property of its rider. Non–actual objects all seem to inhere in actual 
objects, and in this respect are properties of actual objects. The color red will inhere in the 
(actual) ball, e.g.. The equator inheres in facts about the physical relation between the 
(actual) Earth and Sun. Number, too, will inhere – though the number may still vary based 
on how the object is considered, it will still belong to the object. But if number is a property, 
as has been proposed, then it is a thing that depends upon actual objects, for it inheres in 
them . If numbers are dependent in this way, then they cannot be self–subsistent as Frege 1

seeks to show – and so it would seem that Frege’s argument is unsuccessful. 
But Frege might respond to this criticism in the following way. The motivation for  

showing substantival locution like “the number of moons is the number four” is dominant 
is that a definition of number must be usable in science, like arithmetic. But for color 
words, there is no superseding science – they are solely within the domain of ordinary 
language, which says this like “the ball is red” rather than “the color of the ball is the color 
red”. In this way, using substantival locution for color is more than just unintuitive, it is 
unnecessary. So it would be inappropriate for is to consider color judgments in this way 
and so we are wrong to draw identities between colors in way we do for numbers. Thus, we 
should not be able to draw these identities and colors are not objects. If colors are not 
objects, then it has not been shown that objects can be properties actual objects. In this 
way, the objection fails. 
 

1 It may be said that you can count ideas or concepts, and so number doesn’t inhere in actual 
objects. Even so, this is not a problem, for number would then still be inhering in something. And 
so number will still be a property. 


